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Görtler vortices develop in boundary layer flows over concave surfaces due to
the imbalance between centrifugal forces and the wall-normal pressure gradient. These
vortices can be efficient precursors to transition in boundary layers exposed to freestream disturbance or surface non-uniformities, because they can alter the mean flow
causing the laminar flow to breakdown into turbulence. In this thesis, a control technique
aimed at reducing the energy associated with Görtler vortices that develop in supersonic
boundary layers is introduced and tested. The control algorithm is based on distributed
blowing and suction, with sensors placed either in the flow or at the wall. The result show
that there is a dependence between the efficiency of the control algorithm and the
spanwise separation of the vortices, that is the energy reduction is more significant for
larger spanwise separations. The efficiency of the control algorithm seems to be
insensitive to the variation of the Mach number.
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CHAPTER I
INTRODUCTION
1.1

Introduction
At the beginning of the twentieth century L. Prandtl introduced the concept of

boundary layer theory as the thin layer in the proximity to the wall, where the effects of
friction are significant. The flow inside the boundary layer is viscous while in the
external region the flow is considered inviscid [2,79] as illustrated in figure 1.1.

Figure 1.1

Flow over an airfoil [2].

Therefore, a fluid flow over a given aerodynamic body, such as an airfoil, is

divided into two important parts: a thin boundary layer (the blue region around the airfoil
in figure 1.1) neighboring the surface where the effect of friction is significant, and an
outer region where the flow is inviscid. The tangential velocity changes with respect to
1

the wall-normal distance, from zero at the surface to a non-zero value at the outer edge of
the boundary layer, which corresponds with the velocity in the inviscid region.
In boundary layers developing over flat or curved surfaces, the laminar to
turbulent transition is influenced by the free stream turbulence or surface imperfections.
If the intensity of the free-stream turbulence is high, the transition involves the growth of
elongated streaky structures which are the results of three-dimensional disturbances
growing transiently in the boundary layer. This mechanism is responsible for the
development of counter-rotating vortices in the stream-wise direction as illustrated in
figure 1.2. These vortices transport low momentum fluid away from the wall and high
momentum fluid toward the wall, producing a down-wash and an up-wash region
respectively (figure 1.3). If the wall surface is concave, these vortices are called Görtler
vortices [26], and they may lead to secondary instabilities, breakdown and ultimately to
turbulence [54,71].

Figure 1.2

Görtler vortices over a concave surface [82].

2

Figure 1.3

Up-wash and downwash regions [82].

One approach to reduce the skin friction drag for a given aerodynamic body is
through delaying the boundary layer transition onset. This can be accomplished by
removing or reducing the energy of the streaks that are generated by free stream
disturbances or surface imperfections.
During the last decades, several boundary layer control strategies have been
introduced and examined. These techniques can be classified into passive and active
control. The techniques based on active wall blowing and suction is considered one of the
most effective control methods [5,67] that is utilized to minimize the energy of the
disturbances that propagate in boundary layers, with the ultimate goal to reduce the skin
friction drag.
The main focus in this research is to explore the effectiveness of an active control
based on wall blowing and suction to reduce the energy associated with Görtler vortices
developing in supersonic and hypersonic boundary layers. A high-order compressible NavierStokes solver is employed to study the effect of controlled wall transpiration on Görtler
vortices developing in various flow conditions. In the parametric study that is conducted, the
Mach number, and the spanwise separation of the vortices are varied.

3

1.2

Thesis Organization
This thesis will be organized as follows. In CHAPTER I, a general introduction is

presented, where boundary layer transition from laminar to turbulent flow, Görtler vortices,
and a discussion about their stability and secondary instabilities are included. In CHAPTER
II, an extensive literature review is conducted, where boundary layer flow control techniques
are described with an emphasis on techniques based on blowing/suction and wall
deformation. Governing equations and the control algorithm used to reduce the energy of the
vortices are described in CHAPTER III. A parametric study pertaining the variation of
different flow parameters, such as Mach number, and spanwise separation of the vortices are
included in CHAPTER IV. Here, numerical results about control techniques are presented
and discussed. In CHAPTER V conclusions are presented.

4

CHAPTER II
LITERATURE REVIEW
2.1

Boundary layer and transition concept
The boundary layer is a thin layer of viscous fluid close to the solid surface that is

in contact with a moving stream, where the flow velocity varies from zero at the wall to a
non-zero value at the outer edge. As was observed from many experiments and flight
conditions, a major problem of boundary layer is the transition from laminar to turbulent
flow, which leads to an increase in frictional drag. This motivates us to fully understand
the flow characteristics around a given object, and the transition inside the corresponding
boundary layer that forms in the close vicinity of the object, as well as to find the most
efficient prediction/control techniques that can be used to delay the transition. Nowadays,
there are many experiments, theoretical studies and numerical simulations over a wide
range of flow conditions, starting from the subsonic to the hypersonic regime.
The problem of transition from laminar to turbulent flow in boundary layers is of
a great practical interest. An early hypothesis on the mechanism of transition from
laminar to turbulent flow was introduced by Reynolds [79] and developed further by
Rayleigh [79]. This hypothesis states that transition is a result of instabilities that
penetrate inside laminar boundary layer. These instabilities then propagate downstream,
grow in amplitude, and lead to nonlinear breakdown, which is the precursor to transition.

5

In boundary layers, transition is a very complex process and its prediction remains
a topic of intense research. Transition may be triggered by various types of flow
disturbances, due to different causes such as wall roughness, free stream turbulence,
suction and blowing of fluid from the wall, wall curvature, etc.
The transition in boundary layers can take two different ways, depending on the
amplitude level of external disturbances. Firstly, natural transition, occurs in flows that
are subjected to low levels of free stream disturbances, free stream turbulence, acoustic
waves, or small roughness elements on the surface. In some situations, it is possible for a
boundary layer to remain laminar as Reynolds number increases. This transition grows
naturally following these steps: two-dimensional Tollmien-Schlichting waves, threedimensional waves, secondary instability, nonlinear interaction and breakdown into
turbulence. Secondly, by-pass transition (named by Morkovin [59]) occurs when the freestream perturbations are significantly strong. In the by-pass transition scenario, the
disturbances go directly into the secondary instability and nonlinear interaction stage. In
both scenarios, natural and by-pass transition, vortices are created inside the boundary
layer, therefore many studies have been piloted to examine this phenomenon and to fully
understand the mechanism behind them.
2.2

Görtler Vortices
Görtler vortices are generated along concave surfaces due to the imbalance

between radial pressure gradient and centrifugal forces of fluid particles in laminar
boundary layers (see Figure 1.2). These counter-rotating streamwise vortices are
considered one of the main instabilities that lead to transition in boundary layers. The
first application of this concept was presented by Görtler [26].
6

The approach introduced by Görtler is similar to Taylor and Dean [70] approach,
except it does not include the complexity of Taylor’s problem or the mathematical
simplicity of Dean’s problem, which makes Görtler approach relatively unique. Görtler
introduced a non-dimensional stability parameter G.
𝐺=

𝑈∞ 𝛿𝑡
𝑣

(𝛿, 𝐾)1/2 = 𝑅𝑒𝜃 √𝜃/𝑅

(2.1)

where 𝑈∞ is the freestream velocity, 𝛿𝑡 is the boundary layer thickness, 𝑣 is the kinematic
1

viscosity, 𝐾 = 𝑅 is the curvature of the wall, 𝑅𝑒𝜃 is the Reynolds number, 𝜃 is the
boundary layer momentum thickness and R the is radius of the curvature.
The Görtler vortices are considered one of the most important boundary layers
instabilities because they lead under certain conditions to strong secondary instabilities
triggered by the interaction between disturbances and the steady velocity profile, and
finally to the transition to turbulence.
After Görtler analysis, Liepmann [50] experimentally confirmed that the
boundary layer instabilities along concave walls are governed by the Görtler parameter.
Later, Smith [83] formulated the problem into a more convenient form, which led to the
analysis of the vortex growth as a function of its spatial growth. He also derived a set of
modified equations including higher-order curvature terms taking into consideration the
non-parallel nature of the boundary layer, which is considered important in the Görtler
problem. Since then, many theoretical [30,35] and experimental [27] studies were
devoted in this direction to better understand the stability characteristics of the flow,
because regions of concave curvature exist in several aerodynamic applications such as
compressor blades, turbine blades, wind tunnels wall, etc.
7

2.3

Stability Analysis of Görtler Vortices
The instability of boundary layer developing over concave surfaces with

disturbances in the shape of streamwise elongated vortices was firstly studied by Görtler
[26]. His analysis was based on the classical stability analysis of laminar boundary layer
profiles developing along slightly curved walls, whose axes are parallel to the principal
direction of the flow. The results for this eigenvalue problem were obtained by studying
the undisturbed flow as well as the amplification or decay of the vortices, for different
Reynolds numbers and spanwise separations. Also, Görtler derived a form of NavierStokes equations in curvilinear coordinates for a constant radius of curvature R, which
was assumed to be much greater than the boundary layer thickness δ.
Görtler [26] managed to solve the 3-D, laminar, incompressible flow equations
using the velocity profile from the Blasius boundary layer as the base flow. He forced the
basic boundary layer profile to react under small disturbances, in the shape of 2-D
vortices, and also tested the behavior of the disturbed flow field. As a result, the flow is
more affected by the perturbations as Görtler number increases. Nevertheless, this flow
can achieve a certain point where the flow becomes unstable, which corresponds to the
critical Görtler number, 𝐺𝑐 =

𝑈0 𝜃
𝑣

𝜃

√ = 0.58, where θ is the boundary layer momentum
𝑅

thickness, U0 is the velocity and 𝑣 is the kinematic viscosity. On the neutral stability
curve this point is considered as the minimum, and the flow is stable below it.
An analysis of Görtler instability problem has been tackled by many researchers
to get more accurate and improved results. Floryan and Saric [20], formulated the
boundary layer and disturbance equations in a general, orthogonal, curvilinear system of
8

coordinates constructed from the movement of a non-viscous flow over a curved surface.
The scheme is general in a manner that it allows for an explicit analysis of all the
properties such as the wall curvature and its streamwise direction. They also analyzed the
effects of curvature on the boundary layer, and solved numerically the approximation for
the perturbation equations. As a result to their analysis, the instability mechanism
produces a very weak vortex due to the modification of the curvature of the wall only. By
preserving the original basic-state velocities, the convex shape yielded a stabilization of
Görtler vortices in the boundary layer flow.
Another analysis about Görtler instability was introduced in early 80’s by Hall
[30,31], who investigated the growth of Görtler vortices in boundary layers over concave
surfaces. Hall showed that the linear stability equations cannot be reduced to ordinary
differential equations (ODE) in the case when vortices are of wavelength roughly equal
to the boundary-layer thickness. These ODE’s are solved using a set of partial differential
equations as an initial value problem, using a finite difference marching scheme.
Hall [30,31] discussed the effect of the non-parallel nature of the basic flow, and showed
that the parallel-flow theories describing the growth of Görtler vortices are found to be
valid only for large wavelengths. He has also identified the main deficiency in the
parallel-flow theory, and showed that any ordinary differential approximation to the full
partial differential stability equations is unable to describe satisfactorily the decay of the
vortex inside the boundary layer. This problem is however strengthened as the
wavelength of the vortices increases due to the wide spread of the neutral curves
predicted by parallel-flow theories. It is found that a vortex can grow over a finite range
for a wall of constant radius of curvature. The principal conclusion for this analysis,
9

therefore, is that the perturbations and their location are the one responsible for the
growth of Görtler vortices. Hence these vortices depend decisively on how and where the
boundary layer was disturbed.
Describing Görtler instability, Day, Herbet and Saric [18] provided two methods
of solving the partial differential equations. They investigated the growth rates using a
local separation of variable analysis that does not require any assumptions about initial
perturbations, and the global marching analysis. The results from both methods were
compared and the conclusion was that the parallel flow approach - local separation of
variable analysis - gives better results regarding growth rates of the vortices than the nonparallel technique that is the global marching analysis.
Several researchers have endeavored to study the flow over concave surfaces in
the nonlinear regime. For instance, Sabry et al [69] showed that secondary instabilities
are connected with the vertical vorticity and originate mainly in the outer region of the
boundary layer. They have also managed to solve computationally the fully non-linear
equations in order to understand the behavior of the flow and the reasons behind the
breakdown of the fully developed Görtler vortices. As a result to their study, they found
that secondary instabilities of sinuous type are more susceptible to destabilize Görtler
vortices and lead to the breakdown into fully turbulent flow. Whang and Zhong [90]
investigated the nonlinear development of Görtler vortices and secondary instability
effects in hypersonic boundary layers using a two-dimensional linear stability analysis
and numerical simulations. They identified two different modes in their boundary layer
flow, namely sinuous and varicose modes. The results showed that the sinuous mode was
more stable than the varicose one for the given flow conditions. Sescu and Thompson
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[76], analyzed the excitation of Görtler vortices by disturbed roughness elements using
the solution to the nonlinear boundary region equations with upstream boundary
conditions. As part of their analysis, they varied in the linear regime the roughness
shape, height, diameter and spanwise separation between the roughness elements while
keeping the same Görtler number. As a result, they concluded firstly, that bell-shaped
distributed roughness elements are more likely to excite the Görtler instabilities than
sharp-edge-type (e.g., cylindrical) roughness elements, and secondly, an increase in the
roughness diameter, yields to an increase in Görtler vortices strength when it is
associated with the bell-shaped roughness elements, however it decreases with
cylindrical-shaped roughness elements.
In a different study, Tani [87] investigated the production of longitudinal vortices
along a concave wall in boundary layer. Using velocity measurements in the boundary
layer, he showed a spanwise variation having a definite wave number whether the flow is
laminar or turbulent. For the laminar boundary layer, the resulting vortices, the wave
amplitude distribution and wave amplification wave agree with the predicted vortices by
the theory of laminar instability and with the theoretical prediction, respectively. As for
the turbulent boundary layer, eddy viscosity concept was introduced to account for the
phenomena by the theory of laminar instability.
2.4

Boundary layer control techniques
Turbulence and transition from laminar to turbulent flow remain a very important

research topic in fluid mechanics. Therefore, it was strongly desired to develop effective
flow control techniques in order to delay the transition or reduce the turbulence intensity
in boundary layers thus reducing the skin friction drag, which is due to viscous shear
11

forces. This can be achieved by using different flow control strategies, which are divided
into two main categories: active and passive techniques. Active control technique consists
of placing sensors and adding momentum or energy to the flow, such as blowing and
suction, while passive control technology involves geometrical modifications of the
surface, such as vortex generators and wall deformation. In general, an active flow
control strategy has many advantages over a passive control, although the latter is more
popular and also easier to implement.
Numerous studies were conducted in the field of flow control techniques in order
to achieve a reduction of the skin friction drag by avoiding transition or flow separation,
using the motion of the solid wall. Hack and Zaki [29] modeled the growth of boundarylayer streaks generated over a spanwise oscillating flat plate. Galionis and Hall [22]
studied the effect of these spanwise oscillations on Görtler vortices. They found that the
disturbances move away from the wall while reducing the effects of the oscillations.
According to their analysis, a complete control of the flow cannot be achieved, although a
large reduction in the growth rate of Görtler vortices can be obtained. Another work by
Jung et al. [40] also studied the suppression of turbulence in wall-bounded flows by highfrequency spanwise oscillations. This problem was investigated using direct numerical
simulations (DNS) of a planar channel flow subjected either to an oscillatory spanwise
cross-flow, or to a spanwise oscillatory motion of a channel wall. The results obtained
from this analysis revealed that whether oscillations are generated by cross-flow or by the
motion of a channel wall, the reduction of turbulence is achieved. Choi et al. [15]
investigated the changes in the turbulent boundary layer structure using a spanwise wall
oscillation in a wind tunnel by a hot wire anemometry and flow visualization with a main
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objective to experimentally confirm that skin friction drag can be attenuated using a wall
oscillation. Other experimental (Laadhari et al. [47]) and numerical (Quadrio and Ricco
[65]) studies were conducted in this direction as well. They have all shown that spanwise
oscillations method is considered as a simple and effective way to control turbulence
intensity in wall-bounded flows.
Another control technique aimed to reduce the energy of boundary layer streaks,
is the use of compliant coatings. However, there is a main challenge that needs to be
overcome in order to reach the desired goal, that is to find an appropriate coating with the
optimum physical properties. The analysis by Bushnell et al. [8] indicates the
effectiveness of compliant wall technology toward achieving drag reduction. A series of
numerical and theoretical studies, concerning the flow control techniques using compliant
walls, was implemented and discussed by Carpenter and Morris [13] and Patzold et al. [64].
The cooling method [73] is considered an important technique of control too because it has a
huge influence on compressible boundary-layer instability. The cooling enhances the

surface heat transfer and shear stress by creating an active high-heat-transfer sublayer.
This is shown to be applied for a range of high Mach numbers where the boundary layer
is significantly controlled. Several other studies by Skote [81], Ricco [68], Moarref and
Jovanovic [58], Touber and Leschziner [88], Yakeno et al. [93], Agostini et al. [1],
Maschinenbau [56], were conducted in this direction in order to decrease the skin friction
drag.
In addition, other active and passive control techniques can be implemented to
control disturbances in boundary layer flows by wall effects, such as plasma actuators
(Grundmann and Tropea [28], Choi et al. [16], Hanson et al. [33,34], and Mahfoze and
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Laizet [53]), biomimetic flow control (Anderson et al. [3], Sirovich et al. [80], Bechert et
al. [4], Buttner and Schulz [9], Wen et al. [89], or Boomsma and Sotiropoulos [7]), and
superhydrophobic surfaces (Min and Kim [57], Park et al. [63], Jelly et al. [38], Rastegari
and Akhaban [66], and Seo et al. [74]).
2.5

Blowing and suction control technique
For a given body in fluid flow, skin friction drag can be a major contributor to the

total drag, and thus its reduction remains an important topic of study. The control
techniques based on blowing and suction consist of adding/taking momentum or energy
to/from the flow in order to attenuate the energy associated with disturbances that travel
inside laminar or turbulent boundary layers. For laminar boundary layer flow control,
many ideas have been presented focusing on the control of T-S waves. An example is the
use of periodic blowing/suction through a spanwise slot. Periodic suction is basically
done by suppressing any decelerating fluid particles from the boundary layer before they
cause transition or flow separation; at the same time, periodic blowing is generated by
adding energy to those fluid particles as illustrated in the figure below.

Figure 2.1

Blowing and Suction control [84].
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As for turbulent boundary layer, the control is done by focusing on the
streamwise-oriented structures of high and low-velocity streaks in the near wall region,
which are assumed to be the starting points for the bursting sequence. The aim for this
method is to decrease the number or strength of the bursting sequences by decreasing the
spanwise variation of streamwise velocity. This can be achieved by placing localized
suction regions below low-velocity streaks and blowing regions below high-velocity
streaks.
Choi et al. [14] performed direct numerical simulations using sensors and
actuators inside the flow and sensors placed at the wall with an active wall control based
on blowing and suction, in order to reduce the skin friction drag in a turbulent channel
flow. They found that it is not efficient to use indicators inside the flow because it may
interfere with the disturbances (the skin friction drag reduction in this case was roughly
around 25%). Moreover, by placing sensors at the wall, the reduction achieved was just
approximately 6%.
In a slightly similar control algorithm proposed by Koumoutsakos [46], the
control was performed using flow quantities from the wall; vorticity flux components
were considered as inputs to this control algorithm. He found that the skin friction was
reduced approximately by 40%.
Lee et al. [48] derived a new suboptimal feedback control algorithm using
blowing and suction to alter the flow structures near the wall. The information needed
were in the form of pressure or shear stress distribution from the wall surface. A reduction of 16%-20% of skin friction drag was obtained. It was determined that the opposition
control technique is only effective for low Reynolds number flows. Pamies et al. [62], on
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the other hand, reached a significant high reduction in the skin friction drag using the
blowing control technique for flows at high Reynolds numbers.
Gad-el-Hak and Blackwelder [21] studied this control technique from a different
perspective. They focused on the selective suction technique (at single locations) to
impose control and attenuate either single or periodic bursts in laminar and turbulent
boundary layers. They found that using a small value of suction coefficient can yield to
an elimination of disturbances. Myose et al. [60] investigated the selective suction
method as well, and their study resulted into a similar conclusion as Gad-el-Hak and
Blackwelder [21].
Recently, Stroh et al. [84]. presented a comparison between the opposition control
applied in a fully developed turbulent channel flow and a spatially developing turbulent
boundary layer. In terms for the frictional drag reduction rates it was found that both
cases are approximately similar. However, for the energy, the opposition control is less
efficient in the turbulent boundary layer because of large fluctuation intensities near the
wall region.
Experimentally, Lundell and Alfredsson [51] studied the control of streamwise
velocity streaks in a plane channel flow. In this case, high and low velocity streaks were
generated using a suction through streamwise slots, and they were controlled using
localized suction downstream of the disturbances generation. They found that the growth
rate of the secondary instabilities is attenuated if localized suction is mounted below low
velocity streaks. They have also investigated the impact of the location and timing of the
control suction. They showed that the timing does not have a strong effect and that the
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control suction must be applied within a narrow region approximately 10% of a streak
width.
2.6

Wall deformation technique
The control of active wall deformations was successfully applied in a number of

applications to reduce the skin friction drag using counteracting streaks in turbulent
boundary layers or channel flows. Since the reduction of the skin friction drag by this
technique was not as high as the control techniques based on blowing and suction, fewer
studies have been conducted in this matter. This type of control has been mainly used for
turbulent channel flows or turbulent boundary layers, and much less at the transitional
stage.
Carlson and Lumley [10] studied the effect of wall deformation on turbulent
structures at the wall. For this study, an actuator located close to the wall was used to
control one pair of coherent structures. They found that placing the actuator below a lowspeed streak gives an increase in the skin-friction drag because it allows the adjacent
high-speed region to expand. Later, Kang and Choi [41] studied the control of a turbulent
channel flow with active wall motion in order to minimize the skin friction drag. Results
show that while the wall was locally deformed, an overall 13-17% reduction was
obtained, in addition to a significant weakening of the streamwise vortices and turbulence
intensity. They found also that instantaneous wall shapes were elongated in the
streamwise direction.
Another study by Endo et al. [19] was performed by using direct numerical
simulation of a turbulent channel flow, in order to evaluate a feedback control algorithm
based on deformable walls. This control was performed using wall deformation
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developed on physical arguments related to the near wall coherent structures. A 10%
reduction was achieved after implementing this control scheme. They have also found
that the energy input needed to deform the wall is one order of magnitude smaller than
the energy that would be used in blowing/suction control technique. Mani [55] in the
other hand, presented a study based on direct numerical simulation to develop a
deformable active skin actuated by active materials for an active flow control technique
in order to reduce turbulent skin friction drag.
Sescu et al. [77,78] studied the control of Görtler vortices in boundary layer
developing along a concave wall using surface streaks. These streaks are generated by
roughness elements placed in the upstream. They have investigated this idea using
numerical solutions to the boundary region equations, and by applying a proportional
control algorithm. They showed that wall deformations with a maximum amplitude higher
than the spanwise separation can reduce the growth rate by a significant amount hence
delaying the transition from laminar to turbulent flow.

Experimentally, Koberg [45] developed a method to reduce skin friction in
turbulent flow via active wall deformation. This approach aimed at opposing the velocity
sensed away from the wall by imposing a velocity of the opposite direction at the wall;
thus, the wall was locally deformed and a skin friction reduction of 15% was obtained.
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CHAPTER III
GOVERNING EQUATIONS AND CONTROL ALGORITHM
3.1

Governing equations and numerical algorithm
The governing equations consist of the full compressible Navier-Stokes equations

written in curvilinear coordinates and conservative form. These generalized curvilinear
coordinate transformations in the three-dimensional space is used is in the form of ξ = ξ
(x, y, z), η = η (x, y, z), ζ = ζ (x, y, z) where ξ, η and ζ are the spatial coordinates in the
computational space, and x, y and z are the spatial coordinates in physical space.
The Navier-Stokes equations in conservative form are given as follows
(3.1)

𝑄𝑡 + 𝐹ξ + 𝐺η + 𝐻ζ = 𝑆

where Q is the vector of the conservative variables, F, G, and H are flux vectors, and S is
the source term, they are given as
1

𝑄 = 𝐽 {𝜌, 𝜌𝑢𝑖 , 𝐸}𝑇 , 𝑖 = 1,2,3

(3.2)

̃ + 𝜉𝑥𝑖 Ѳ𝑖 }𝑇 ,
𝐹 = 𝐽 {𝜌𝑈, 𝜌𝑢𝑖 𝑈 + 𝜉𝑥𝑖 (𝑝 + 𝜏𝑖1 ), 𝐸𝑈 + 𝑝𝑈

(3.3)

1

1

𝐺 = 𝐽 {𝜌𝑉, 𝜌𝑢𝑖 𝑉 + η𝑥𝑖 (𝑝 + 𝜏𝑖2 ), 𝐸𝑉 + 𝑝𝑉̃ + η𝑥𝑖 Ѳ𝑖 }𝑇 ,

(3.4)
𝑇

1
̃ + ζ𝑥𝑖 Ѳ𝑖 } ,
𝐻 = 𝐽 {𝜌𝑊, 𝜌𝑢𝑖 𝑊 + ζ𝑥𝑖 (𝑝 + 𝜏𝑖2 ), 𝐸𝑉 + 𝑝𝑊

(3.5)

where Einstein summation convention is applied.
In these equations, 𝜌 is the density of the fluid, p is the pressure, 𝑢𝑖 = (𝑢, 𝑣, 𝑤) is
the velocity vector in physical space, E is the total energy, J is the Jacobian of the
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curvilinear transformation from the physical space to computational space, the
derivatives 𝜉𝑥 , 𝜉𝑦 , 𝜉𝑧 , 𝜂𝑥 , 𝜂𝑦 , 𝜂𝑧 , 𝜁𝑥 , 𝜁𝑦 , 𝜁𝑧 , represent grid metrics, and U, V, W are the
contravariant velocities components in the form of:
𝑈 = 𝜉𝑥𝑖 𝑢𝑖 ,

(3.6)

𝑉 = η𝑥𝑖 𝑢𝑖 ,

(3.7)

𝑊 = ζ𝑥𝑖 𝑢𝑖 ,

(3.8)

In addition, shear stress tensor and heat flux are expressed as
𝜇

𝜕𝜉 𝜕𝑢

𝜕𝜉 𝜕𝑢

2

𝜕𝜉 𝜕𝑢𝑘

𝜏𝑖𝑗 = 𝑅𝑒 [(𝜕𝑥𝑘 𝜕𝜉 𝑖 + 𝜕𝑥𝑘 𝜕𝜉 𝑗 ) − 3 𝛿𝑖𝑗 𝜕𝑥 𝑙
𝑗

𝑘

𝑘

𝑖

𝜇

𝑘

𝜕𝜉𝑙

𝜕𝜉 𝜕𝑇

Ѳ = 𝑢𝑗 𝜏𝑖𝑗 + (𝛾−1)𝑀2 𝑅𝑒𝑃𝑟 𝜕𝑥𝑙 𝜕𝜉 ,
∞

𝑖

(3.9)

],

𝑙

(3.10)

where T is temperature, 𝜇 is dynamic viscosity, 𝛾 is the ratio between the specific heats,
Re is Reynolds number written as 𝑅𝑒 = 𝜌𝑉∞ 𝐿/𝜇 (based on the characteristic velocity 𝑉∞ ,
characteristic length L), and the free stream Mach number 𝑀∞ = 𝑉∞ /𝑎 , with 𝑎 being the
speed of sound. Pr is Prandtl’s number 𝑃𝑟 = 𝐶𝑝 𝜇/𝑘 (with k thermal conductivity and 𝐶𝑝
the specific heat at constant pressure). The equation of state when non-chemicallyreacting flows are taking into account can be written combining temperature T, pressure
p, and density 𝜌 as follows 𝑝 =

𝜌𝑇
⁄𝛾𝑀2 . However, when chemically reacting flows
∞

are considered, the equations of species need to be used.
All the variables in this study are non-dimensionalized by their respective freestream variables, except pressure which is non-dimensionalized by 𝜌𝑉∞2 . Moreover, the
dynamic viscosity and thermal conductivity k are connected to the temperature using
Sutherland’s equations in dimensionless form,
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𝜇=

𝐶1
3⁄ 1+ ⁄𝑇∞
2
𝑇
𝐶
𝑇+ 1⁄𝑇

;

𝑘=

∞

𝐶2
3⁄ 1+ ⁄𝑇∞
2
𝑇
𝐶
𝑇+ 2⁄𝑇

,

(3.11)

∞

where 𝐶1 = 110.4𝐾, 𝐶2 = 194𝐾, for air at sea level, and 𝑇∞ is a reference temperature.
In order to solve the compressible Navier-Stokes equations, a high order
numerical algorithm is applied for both time and space. The time integration, for instance,
is solved using a third order TVD Runge-Kutta method given in the form
𝑄 (0) = 𝑄 𝑛
𝑄 (1) = 𝑄 (0) + ∆𝑡𝐿(𝑢(0) )
3

1

1

𝑄 (2) = 4 𝑄 (0) + 4 𝑄 (1) + 4 ∆𝑡𝐿(𝑄 (1) )
𝑄 𝑛+1 =

(3.12)

1 (0) 2 (1) 2
𝑄 + 𝑄 + ∆𝑡𝐿(𝑄 (2) )
3
3
3

where 𝐿(𝑄) is the residual. The spatial derivatives are discretized using dispersionrelation-preserving schemes of Tam and Webb [85], or a high-resolution 9-point
dispersion-relation-preserving optimized scheme of Bogey et al. [6]. The first derivative
at the lth node is approximated using M values of 𝑓 to the right and N values of 𝑓 to left
of the node.
𝜕𝑓

1

(𝜕𝑥 ) ≅ ∆𝑥 ∑𝑀
𝑗=−𝑁 𝑎𝑗 𝑓𝑙+𝑗
𝑙

(3.13)

For equation (3.13) a Fourier transform is performed, where coefficients 𝑎𝑗 are obtained
by minimizing the integrated error of the difference between the wavenumber of the
finite difference scheme and the wavenumber of the Fourier transform. The coefficients
𝑎𝑗 are given in table 3.1.
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Table 3.1

Weights of the centered stencils.

Stencil
DRP
DDo9p

𝑎1 = −𝑎−1
0.77088238
0.84157012

𝑎2 = −𝑎−2
-0.16670590
-0.24467863

𝑎3 = −𝑎−3
0.02084314
0.05946358

𝑎4 = −𝑎−4
0
-0.00765090

To damp out the unwanted high wavenumber waves a high-order spatial filters
developed by Kennedy and Carpenter [43] are used.
For velocity and temperature, a no-slip boundary condition and an isothermal
condition are imposed respectively at the solid surface. Sponge layers are imposed near
the far-field boundaries to dissipate outgoing waves (sponge regions are outside the flow
domain of interest). These sponge layers have a great effect: they are used to damp out
the waves of all wavenumbers leaving the domain or reflecting back from the far-field
boundaries.
3.2

Control algorithm
A proportional control algorithm is utilized to determine the wall transpiration

that gives an attenuation of energy associated with Görtler vortices in supersonic and
hypersonic boundary layer flows. In this research, the control variable studied is either
the streamwise velocity component disturbance in a 𝑦 = 𝑐𝑜𝑛𝑠𝑡 plane located at a
specified height above the wall surface, or the wall shear stress. A typical proportionalintegral (PI) controller is used here of the form
𝐴(𝑋, 𝑧) = 𝐾𝑝 ∗ 𝑒(𝑋, 𝑧),

(3.14)

where 𝐾𝑝 is the proportional gain and
𝑒(𝑋, 𝑧) = 𝑢(𝑋, 𝑦𝑐 , 𝑧) − 𝑢𝑚 (𝑋, 𝑦𝑐 ),
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(3.15)

is the error signal at the wall or at a specified distance 𝑦𝑐 from the wall and defined by the
difference between the streamwise velocity solution 𝑢(𝑥, 𝑦𝑐 , 𝑧) obtained from the NavierStokes equations and the spanwise averaged velocity 𝑢𝑚 (𝑥, 𝑦𝑐 ). When wall shear stress
is applied as a control variable, 𝑒(𝑥, 𝑧) becomes
𝑒(𝑋, 𝑧) = 𝜏𝑤 (𝑥, 𝑦𝑤 , 𝑧) − (𝜏𝑤 )𝑚 (𝑥, 𝑦𝑤 ),

(3.16)

where (𝜏𝑤 )𝑚 is the spanwise averaged wall shear stress. The amplitude of the wall
transpiration can be updated at each iteration based on the control signal given by
𝑣𝑤 (𝑋, 𝑧) = 𝑣𝑤 (𝑥, 𝑧) + 𝐴(𝑥, 𝑧).

(3.17)

In order to determine the proportional gain, 𝐾𝑝 , the frequency response method of
Ziegler and Nichols [91] can be used. According to this method, the controller must be
initiated with a small value of 𝐾𝑝 . Then, the proportional gain must be adjusted until a
response producing continuous oscillations is obtained; this is known as the ultimate
gain, 𝐾𝜋 . Therefore, the desired proportional gain will be half of the ultimate gain.
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CHAPTER IV
RESULTS AND DISCUSSION
In this chapter, results from several numerical simulations are presented and
discussed. Contour plots are included for the streamwise velocity and temperature for the
three cases studied: uncontrolled flow, control based on the wall-streamwise velocity and
control based on wall shear stress. Additionally, the corresponding streamwise velocity
profiles along the wall-normal direction, and distributions of energy and averaged shear
stress as a function of the streamwise coordinate are plotted.
4.1

Simulation cases and flow conditions
In this study, a wall transpiration control method is implemented to study the

behavior of Görtler vortices over a concave surface when different flow conditions are
imposed. The geometry to conduct this work consists of 10 blocks in the streamwise
direction and 4 blocks in the wall-normal direction, with 1,792,000 grid points (figure 4.1
shows a sketch of the domain). The inflow conditions are obtained from the output of a
2D simulation, performed with a leading edge in the upstream. Periodic conditions are
applied in the spanwise direction (z) as
𝑣 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑣(𝑥, 𝑦, 𝑧 + 𝜆, 𝑡)
𝑝 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑝(𝑥, 𝑦, 𝑧 + 𝜆, 𝑡)
𝜌(𝑥, 𝑦, 𝑧, 𝑡) = 𝜌(𝑥, 𝑦, 𝑧 + 𝜆, 𝑡)
where 𝜆 is the spanwise separation of the vortices.
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(4.1)

A blowing/suction disturbance at the wall is used to excite the boundary layer,
which is located at a distance of 0.5 m from the leading edge. Three spanwise separation
1.2, 1.8 and 2.4 cm, and six Mach number 2, 3, 4, 5, 6 and 7, are considered while
keeping temperature at the wall constant (isothermal wall), i.e., at 240 K for all cases.
The equation describing the disturbance is given as
𝑥−𝑥1

𝑣𝑤 = 𝐴 (sin[𝜋(𝑥

2− 𝑥1

)])2 ∗ cos[2𝜋(

𝑧−𝑧0
𝜆

)]

(4.2)

where A = 0.0005 is the amplitude of the disturbance, 𝑥1 𝑎nd 𝑥2 are the start and end
locations of the disturbance imposed in the streamwise direction, 𝑧0 is location of the
perturbation in the spanwise direction, and 𝜆 is the spanwise separation. The Görtler
number based on the momentum displacement thickness is 15.28 calculated using
𝜃

𝐺𝑐 = 𝑅𝑒𝜃 √𝑅, where 𝜃 = 1.88 ∗ 10−4 corresponds to Blasius boundary layer momentum
thickness, and R = 1.6 m is the radius of curvature.

Figure 4.1

Flow domain in 3D.
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This wall transpiration control is performed by considering either the streamwise
velocity u in a section parallel to the wall (at y = 0.1 cm) or the wall shear stress as an
input to the control algorithm.
4.2

Parametric study
The total number of simulations is 54, consisting of 3 sets of 18 simulations for

uncontrolled, controlled based on streamwise velocity, and controlled based on wall shear
stress, respectively; the cases are displayed in table 4.1,
Table 4.1

Run Cases.
Case number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

Spanwise
1.2cm

1.8cm

2.4cm

Mach number
2
3
4
5
6
7
2
3
4
5
6
7
2
3
4
5
6
7

Figure 4.2 corresponds to the non-dimensional energy disturbance as function of the
streamwise coordinate (x), calculated using
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𝜆

∞

𝐸(𝑥) = ∫0 ∫0 [|𝑢(𝑥, 𝑦, 𝑧) − 𝑢𝑚 (𝑥, 𝑦)|2 + |𝑣(𝑥, 𝑦, 𝑧) − 𝑣𝑚 (𝑥, 𝑦)|2 + |𝑤(𝑥, 𝑦, 𝑧) −
𝑤𝑚 (𝑥, 𝑦)|2 ] 𝑑𝑧 𝑑𝑦,

(4.3)

where 𝑢𝑚 (𝑥, 𝑦), 𝑣𝑚 (𝑥, 𝑦), 𝑤𝑚 (𝑥, 𝑦) are the spanwise mean components of velocity. The
energy is plotted for the uncotrolled flow case simulated for different Mach numbers
ranging from 2 to 7 with a step of one. This simulation is also performed for different
spanwise separations 1.2, 1.8 or 2.4 cm. As a result, a similar behavior is seen for the
three spanwise separations studied: if Mach number increases the starting point of the
boundary layer excitation takes place later because increasing Mach number determines
an increase in the temperature, which translates into an increase in viscosity for the air,
making the flow less prone to instabilities.
In figures 4.3 and 4.4, iso surfaces of the streamwise velocity are presented for the
undisturbed Mach 2 flow, with different spanwise separation; 1.2 (left), 1.8 (middle) and
2.4 cm (right). It can be observed from figure 4.3 that the ‘mushroom’ shape is well
developed for the lowest spanwise separation, and vortex generation happens sooner
throughout the boundary layer. As for figure 4.4, it shows iso surfaces of different levels
of streamwise velocity, and it gives a better representation of the initiation of the vortex
generation for different spanwise separations: again, it is seen that the vortices
corresponding to the smallest spanwise separation develop earlier. This behavior is
expected because as vortices are close to one another perturbation is more likely to occur.

27

a)

b)

28

c)
Figure 4.2

Plot for uncontrolled flow for different Mach number with a) spanwise
separation 1.2 cm, b) spanwise separation 1.8 cm, c) spanwise separation
2.4 cm.
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Figure 4.3

Iso surfaces for uncontrolled flow for Mach 2 with spanwise separation 1.2
cm (left), spanwise separation 1.8 cm (middle), spanwise separation 2.4 cm
(right).
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a)

b)

c)
Figure 4.4

Iso surface for uncontrolled flow for Mach 2 with spanwise separation 1.2
cm (left), spanwise separation 1.8 cm (middle), spanwise separation 2.4 cm
(right) at different velocities, a) 0.35, b) 0.58, c) 0.76.
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4.2.1

Streamwise velocity and temperature contour plots
Figures 4.5-4.22 show contours of streamwise velocity (left) and temperature

(right) at a cross-section through the Görtler vortex after the energy reached its maximum
value. These contour plots are for different Mach numbers ranging from 2 to 7, and
different spanwise separations 1.2, 1.8, and 2.4 cm. The streamwise location where these
contours have been taken is at 0.65m from the leading edge. Both the uncontrolled and
the controlled cases are presented, where the control algorithm has either the streamwise
velocity u or the wall shear stress as the input. Figure 4.5 shows both streamwise velocity
and temperature contour plots for Mach number 2, with the spanwise separation being 1.2
cm. The first row represents the uncontrolled flow where high fluctuations in both
spanwise and wall-normal directions are present. The figure shows that vortices
developing in the uncontrolled boundary layer reveal fully-developed ‘mushroom’
shapes; the second row corresponds to the control based on the streamwise velocity as the
input, while the third row corresponds to the control based on wall shear stress as the
input. From these contours one can notice that by applying the u control a significant
reduction of vortex energy is achieved unlike the results obtained by applying the control
based on the wall shear stress. Thus, it can be noticed that the best results are obtained
when the control is performed based on u. From the results corresponding to the other
Mach numbers and spanwise separations, a similar conclusion can be drawn, that is the
control based on u is more efficient in reducing the vortex strength, than the control based
on wall shear stress.
It can be observed from the contour plot figures 4.5-4.22, that the variation of the
spanwise separation has an impact on the development of the vortices: as the spanwise
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separation is increased more reduction in the vortex strength is obtained for both u and
wall shear control. This may be due to the fact that for smaller spanwise separation,
vortices are closer to each other, so a given vortex is affected by neighboring vortices,
thus increasing the likeliness to disturb the mean flow. On the other hand, if the spanwise
separation is large, the effect of the neighboring vortices is smaller, and the control is
more effective in reducing the energy.

Figure 4.5

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 2 and
spanwise separation 1.2 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.
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Figure 4.6

Figure 4.7

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 3 and
spanwise separation 1.2 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 4 and
spanwise separation 1.2 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.
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Figure 4.8

Figure 4.9

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 5 and
spanwise separation 1.2 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 6 and
spanwise separation 1.2 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.
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Figure 4.10

Figure 4.11

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 7 and
spanwise separation 1.2 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 2 and
spanwise separation 1.8 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.
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Figure 4.12

Figure 4.13

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 3 and
spanwise separation 1.8 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 4 and
spanwise separation 1.8 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.
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Figure 4.14

Figure 4.15

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 5 and
spanwise separation 1.8 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 6 and
spanwise separation 1.8 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.
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Figure 4.16

Figure 4.17

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 7 and
spanwise separation 1.8 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 2 and
spanwise separation 2.4 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.
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Figure 4.18

Figure 4.19

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 3 and
spanwise separation 2.4 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 4 and
spanwise separation 2.4 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.
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Figure 4.20

Figure 4.21

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 5 and
spanwise separation 2.4 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 6 and
spanwise separation 2.4 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.
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Figure 4.22

a1)

b1)

a2)

b2)

a3)
b3)
ai) Streamwise velocity contours; bi) Temperature contours for, Mach 7 and
spanwise separation 2.4 cm; i = 1) no control; i = 2) control based on
streamwise velocity; i =3) control based on wall shear stress.

4.2.2 Streamwise velocity profiles
In figures 4.23-4.40 steamwise velocity profiles at two different spanwise
locations, z = −0.5 (between two mushroom shapes) and z = 0 (in the middle of the
mushroom shape) are presented. These profiles are plotted for the no-control case (black),
control based on streamwise velocity (red), and control based on wall shear stress (blue),
for different Mach numbers (2, 3, 4, 5, 6, and 7) and different spanwise separations 𝜆
(1.2, 1.8, and 2.4 cm). For spanwsie separation 1.2 cm, points of inflection in the profiles
for u and wall shear stress control exist because the effect of the control algorithm is
weak, while for the spanwise separations 1.8 and 2.4 cm, the inflection points are no
longer present for streamwise velocity control, however they still exist for wall shear
stress control because as seen in the contour plots, by applying the u control a significant
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reduction of vortex energy is achieved, unlike the results obtained by applying the control
based on the wall shear stress.
Also, for the control based on the streamwise velocity (red profiles), since a
blowing from the wall involves a momentum addition to the flow, the boundary layer
profile displays a small jet in z = −0.5. This jet disappears as the spanwise separation and
the Mach number increase, which is an indication that less momentum is injected into the
flow, but also because as the Mach number increases the local viscosity in the proximity
to the wall increases. The jet is not seen in the profiles corresponding to the control based
on wall shear stress.

a)
Figure 4.23

b)

Profiles of streamwise velocity for Mach 2 and spanwise separation 1.2 cm;
at: a) z = -0.5; b) z = 0.
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a)
Figure 4.24

b)

Profiles of streamwise velocity for Mach 3 and spanwise separation 1.2 cm;
at: a) z = -0.5; b) z = 0.

a)
Figure 4.25

b)

Profiles of streamwise velocity for Mach 4 and spanwise separation 1.2 cm;
at: a) z = -0.5; b) z = 0.
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a)
Figure 4.26

b)

Profiles of streamwise velocity for Mach 5 and spanwise separation 1.2 cm;
at: a) z = -0.5; b) z = 0.

a)
Figure 4.27

b)

Profiles of streamwise velocity for Mach 6 and spanwise separation 1.2 cm;
at: a) z = -0.5; b) z = 0.
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a)
Figure 4.28

b)

Profiles of streamwise velocity for Mach 7 and spanwise separation 1.2 cm;
at: a) z = -0.5; b) z = 0.

a)
Figure 4.29

b)

Profiles of streamwise velocity for Mach 2 and spanwise separation 1.8 cm;
at: a) z = -0.5; b) z = 0.
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a)
Figure 4.30

b)

Profiles of streamwise velocity for Mach 3 and spanwise separation 1.8 cm;
at: a) z = -0.5; b) z = 0.

a)
Figure 4.31

b)

Profiles of streamwise velocity for Mach 4 and spanwise separation 1.8 cm;
at: a) z = -0.5; b) z = 0.
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a)
Figure 4.32

b)

Profiles of streamwise velocity for Mach 5 and spanwise separation 1.8 cm;
at: a) z = -0.5; b) z = 0.

a)
Figure 4.33

b)

Profiles of streamwise velocity for Mach 6 and spanwise separation 1.8 cm;
at: a) z = -0.5; b) z = 0.
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a)
Figure 4.34

b)

Profiles of streamwise velocity for Mach 7 and spanwise separation 1.8 cm;
at: a) z = -0.5; b) z = 0.

a)
Figure 4.35

b)

Profiles of streamwise velocity for Mach 2 and spanwise separation 2.4 cm;
at: a) z = -0.5; b) z = 0.
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a)
Figure 4.36

b)

Profiles of streamwise velocity for Mach 3 and spanwise separation 2.4 cm;
at: a) z = -0.5; b) z = 0.

a)
Figure 4.37

b)

Profiles of streamwise velocity for Mach 4 and spanwise separation 2.4 cm;
at: a) z = -0.5; b) z = 0.
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a)
Figure 4.38

b)

Profiles of streamwise velocity for Mach 5 and spanwise separation 2.4 cm;
at: a) z = -0.5; b) z = 0.

a)
Figure 4.39

b)

Profiles of streamwise velocity for Mach 6 and spanwise separation 2.4 cm;
at: a) z = -0.5; b) z = 0.
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a)
Figure 4.40

b)

Profiles of streamwise velocity for Mach 7 and spanwise separation 2.4 cm;
at: a) z = -0.5; b) z = 0.

4.2.3 Energy and wall shear stress distribution
In figures 4.41-4.46, the kinetic energy of the disturbance, calculated using
equation (4.3), is plotted as a function of the streamwise coordinate. In all seven figures,
corresponding to different Mach numbers, one can notice that the energy associated with
the disturbance has been significantly reduced to various extents.
In each figure, the three cases: uncontrolled flow, control based on streamwise
velocity and control based on wall shear stress are plotted, for different spanwise
separation (1.2, 1.8 and 2.4 cm) and different Mach number (2, 3, 4, 5, 6 and 7). In these
figures, it can be observed that, when the spanwise separation increases, the reduction of
the energy increases, which can be linked to the effect the spanwise separation has on
vortices as observed previously in the contour plots: if they are close to each other,
vortices perturb one another in addition to their own self-excitation, which make the
reduction relatively small. Also, if the spanwise separation is small, at 1.2 cm, for
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instance, the boundary layer is excited sooner because fluctuations do not have any other
place to go which lead to the early generation of Görtler over the concave surface.

a)

Figure 4.41

b)

c)
Energy distribution as a function of the streamwise coordinate for Mach 2;
a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm; c) spanwise
separation 2.4 cm.

a)

b)
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Figure 4.42

c)
Energy distribution as a function of the streamwise coordinate for Mach 3;
a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm; c) spanwise
separation 2.4 cm.

a)

Figure 4.43

b)

c)
Energy distribution as a function of the streamwise coordinate for Mach 4;
a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm; c) spanwise
separation 2.4 cm.
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a)

Figure 4.44

b)

c)
Energy distribution as a function of the streamwise coordinate for Mach 5;
a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm; c) spanwise
separation 2.4 cm.

a)

b)
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Figure 4.45

c)
Energy distribution as a function of the streamwise coordinate for Mach 6;
a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm; c) spanwise
separation 2.4 cm.

a)

Figure 4.46

b)

c)
Energy distribution as a function of the streamwise coordinate for Mach 7;
a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm; c) spanwise
separation 2.4 cm.
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The following figures present the percentage of the maximum energy decrease as
function of Mach number and spanwise separation. This percentage is calculated as
follows:
%𝐸 =

max(𝐸𝑢𝑛𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑑 )−max(𝐸𝑐𝑜𝑛𝑡𝑟𝑜𝑙 )
max(𝐸𝑢𝑛𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑑 )

100.

For figure 4.47, the percentages of the maximum energy decrease is plotted as function of
the six Mach numbers studied in this work 2, 3, 4, 5, 6 and 7, for three spanwise
separations 1.2, 1.8 and 2.4 cm. These plots show that the Mach number does not have a
significant effect on the efficiency of the control since the graph is close to a straight
horizontal line. This behavior is seen for both control algorithms, that is based on
streamwise velocity and based on wall shear stress. Therefore, it can be noted that the
control algorithm seems to be insensitive to the variation of the Mach number. As for
figure 4.48, it corresponds to the percentage of the maximum energy decrease as function
of the spanwise separation 1.2, 1.8 and 2.4 cm for the six Mach numbers 2, 3, 4, 5, 6 and
7. It is observed from these plots that spanwise separation plays an important role in the
control reduction, performed either with streamwise velocity or with wall shear stress as
inputs. This latter increases with the spanwise separation because as vortices are close to
each other, perturbations gets higher thus the minimization becomes harder to achieve.
Therefore, there is a dependence between the efficiency of the control algorithm and the
spanwise separation of the vortices.
Also, it is seen from figure 4.47 and 4.48 that the control based on streamwise velocity
gives higher reduction unlike wall shear stress control regarding the energy associated
with Görtler vortices.
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a)

b)

c)
Figure 4.47

Percentage of maximum energy decrease as a function of Mach number
for: a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm;
c) spanwise separation 2.4 cm.
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Figure 4.48

a)

b)

c)

d)

e)

f)

Percentage of maximum energy decrease as a function of spanwise
separation for: a) Mach 2; b) Mach 3; c) Mach 4; d) Mach 5; e) Mach 6;
f) Mach 7.
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Next, the effect of the control on the wall shear stress, which is an indication of
the impact on the drag, is quantified. Figures 4.49-4.54 give a qualitative representation
of the effect of the control on the wall shear stress distribution at the wall, for several
selected cases (Mach number equal to 2 and 6, and all three spanwise separations). They
correspond to wall shear stress contour plots (figure 4.49 through figure 4.54) in the
streamwise direction for no control (first row) and wall transpiration control based on
wall shear stress (second row). It can be observed from the contour plots that wall shear
stress decreases when control is imposed which is exactly what was aimed in this study.
This behavior is seen for all Mach numbers with different spanwise separation. Also, as
expected this wall shear stress reduction differ for every Mach number and spanwise
separation, and the minimization increases if those parameters increase.

a)

Figure 4.49

b)
Wall shear stress contour plot for a) no control and b) control based on wall
shear stress for Mach 2 and spanwise separation 1.2 cm.
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a)

Figure 4.50

b)
Wall shear stress contour plot for a) no control and b) control based on wall
shear stress for Mach 6 and spanwise separation 1.2 cm.

a)

Figure 4.51

b)
Wall shear stress contour plot for a) no control and b) control based on wall
shear stress for Mach 2 and spanwise separation 1.8 cm.

a)
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Figure 4.52

b)
Wall shear stress contour plot for a) no control and b) control based on wall
shear stress for Mach 6 and spanwise separation 1.8 cm.

a)

Figure 4.53

b)
Wall shear stress contour plot for a) no control and b) control based on wall
shear stress for Mach 2 and spanwise separation 2.4 cm.

a)

Figure 4.54

b)
Wall shear stress contour plot for a) no control and b) control based on wall
shear stress for Mach 6 and spanwise separation 2.4 cm.
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In figures 4.55-4.60, spanwise averaged wall shear stress calculated using
𝜏𝑤 (𝑥) =

1
(𝑧2 −𝑧1

𝑧2 𝜕𝑢

∫
) 𝑧

1

𝜕𝑦

(4.4)

(𝑥, 0, 𝑧) 𝑑𝑧

is plotted for different Mach number (2, 3, 4, 5, 6 and 7) and different spanwise
separation (1.2, 1.8 and 2.4), for the three cases studied, uncontrolled flow, control based
on streamwise velocity and control based on wall shear stress. The result show that when
control is imposed, a significant reduction is achieved for all the cases plotted below.
Surprisingly, as spanwise separation increases, the reduction related to the control based
on streamwise velocity decreases, which is in contrast to the results obtained from control
based on wall shear stress, and this is because the wall shear stress is calculated locally,
while the energy is calculated from the entire flow (the reduction of the disturbance
energy in the vicinity of the wall is higher than the rest of the domain).

a)

b)
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Figure 4.55

c)
Spanwise averaged shear stress as a function of the streamwise coordinate
for Mach 2, a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm;
c) spanwise separation 2.4 cm.

a)

Figure 4.56

b)

c)
Spanwise averaged shear stress as a function of the streamwise coordinate
for Mach 3, a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm;
c) spanwise separation 2.4 cm.
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a)

Figure 4.57

b)

c)
Spanwise averaged shear stress as a function of the streamwise coordinate
for Mach 4, a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm;
c) spanwise separation 2.4 cm.

a)

b)
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Figure 4.58

c)
Spanwise averaged shear stress as a function of the streamwise coordinate
for Mach 5, a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm;
c) spanwise separation 2.4 cm.

a)

Figure 4.59

b)

c)
Spanwise averaged shear stress as a function of the streamwise coordinate
for Mach 6, a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm;
c) spanwise separation 2.4 cm.
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a)

Figure 4.60

b)

c)
Spanwise averaged shear stress as a function of the streamwise coordinate
for Mach 7, a) spanwise separation 1.2 cm; b) spanwise separation 1.8 cm;
c) spanwise separation 2.4 cm.

Results from all simulations studied show that for spanwise separation 2.4 cm, a
higher reduction of Görtler vortices is achieved when wall transpiration control method
using u as an input of the control algorithm. As for the variation of Mach number, it was
shown that the control is insensitive to all three spanwise separations 1.2, 1.8 and 2.4 cm.
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CHAPTER V
CONCLUSIONS
In this study, the focus is on the control of Görtler vortices in high-speed
boundary layers developing over concave surfaces using wall transpiration control
method. The numerical framework is a full high-order Navier-Stokes solver written in
generalized curvilinear coordinates and conservative form. A high-order numerical
algorithm is applied to these compressible Navier-Stokes equations, where time
integration is performed using a third order TVD Runge-Kutta method, and spatial
derivatives are discretized using either a dispersion-relation-preserving schemes or a
high-resolution 9-point dispersion-relation-preserving optimized scheme. The boundary
conditions imposed in this work are: no-slip for velocity at the wall and an isothermal
condition for temperature at the solid surface. Sponge layers are imposed near the farfield boundaries (regions outside the flow domain of interest) to damp out the outgoing
and returning spurious waves.
The control algorithm for wall transpiration that was applied is a simple
proportional controller, where the streamwise velocity disturbance u or the wall shear
stress is considered as an input to the algorithm.
The simulations, which consist of 54 cases, are presented in the form of
streamwise velocity and temperature contours and profiles, energy and shear distribution
as a function of the streamwise coordinate. The following conclusions are in order:
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•

the wall transpiration is an efficient control method if it is performed using the right
conditions in order to minimize the energy associated with Görtler vortices in highspeed boundary layer;

•

spanwise separation has a great impact on the energy reduction, that is the reduction
increases with increasing the spanwise separation;

•

the control algorithm is insensitive to the variation of the Mach number, that is the
energy reduction is independent to the Mach number.
Future work will be emphasized intensely on the effect of using different control

methods in order to achieve a higher reduction associated with Görtler vortices and
ultimately reduce the skin fiction drag, such as combining wall transpiration and wall
deformation techniques.
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